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Constraints on inflation in the Einstein-Brans-Dicke frame 
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The density perturbation during inflation seeds the large scale structure of the Universe. We 
consider both new inflation-type and chaotic inflation-type potentials in the framework of Einstein- 
Brans-Dicke gravity. The density perturbation gives strong constraints on the parameters in these 
potentials. For both potentials, the constraints are not much different from those obtained in the 
original inflationary models by using Einstein gravity. 
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I. INTRODUCTION 


The successful explanation of cosmological puzzles, such as the horizon, flatness, and monopole problems, is achieved 
by the inflationary scenarios. The inflationary scenarios also predict the spectrum of the density perturbation which 
seeds the formation of the large scale structure of the Universe. The basic assumption is that, at the early times, 
the Universe experienced an accelerated expansion, while the Hubble radius changed very slowly. Consequently the 
wavelength of a quantum fluctuation soon exceeds the Hubble radius. The amplitude of the fluctuation is frozen 
after the horizon crossing. After the end of inflation, the Hubble radius increases faster than the scale factor; so the 
fluctuations eventually reenter the Hubble radius during the radiation-dominated (RD) or matter-dominated (MD) 
eras. The original model, the so-called “old inflation” model |^, is based on the first-order phase transition. It failed 
because of the “graceful exit” problem. Soon after the “new” and “chaotic” inflationary models were proposed to 
solve this problem |Q. These models use a simple scalar field as the matter source. The scalar field (inflaton field) 
slow-rolls down the potential during the inflationary phase. All the above models are based on Einstein gravity. 
However, inflation may be driven by non-Einstein gravity. “Extended inflation” employs Jordan-Brans-Dicke (JBD) 
gravity §■ The introduction of the Brans-Dicke (BD) field slows down the inflation and solves the graceful exit 
problem. But it was soon found that there was a “big bubble” problem for the original extended inflation Q. The 
interaction between the BD held and the inflaton held can change the spectrum of the density perturbation. The 
spectra of density perturbations were analyzed in the extended new and chaotic inflationary models by several authors 
[^1. But the density perturbations given by those papers are not correct . The correct density perturbation in BD 
inflation was given in Q In this paper, I use the slow-roll approximation and work with BD gravity in the Einstein 
frame (let us call it Einstein-Brans-Dicke gravity). There are strong arguments identifying the Jordan frame ^ as the 
physical one. The possibility of identifying the Einstein frame as the physical one was first raised by Cho |8|. Cho 
and Damour and Nordtvedt ||^ pointed out that only in the Einstein frame does the Pauli metric represent the 
massless spin-2 graviton and the scalar held represent the massless spin-0 held. In the Jordan frame the graviton is 
described by both the Pauli metric tensor and the BD scalar held. Cho also pointed out that in the compactiflcation 
of Kaluza-Klein theory, the physical metric must be identified as the Pauli metric because of the wrong sign of the 
kinetic term of the scalar held in the Jordan frame. In string theory, the dilaton held appears naturally. The Einstein 
frame is greatly favored over the string frame although the string frame is chose for the pre-big-bang cosmology. For 
further discussions about the two frames, see |]^ and references therein. Because the dilaton held evolves very slowly 
during the RD and MD eras, we then assume that the dilaton field at the end of inflation takes the same value as that 
at present. By this assumption, we can fix the value of the inflaton field at the beginning of inflation. We And that 
the results are different from those in 1^ Inflationary models based on general scalar-tensor gravity in the Einstein 
frame were also discussed in [pdfl and j^] . 

The BD Lagrangian in Einstein frame is 


‘Email address: ygong@physics.utexas.edu 

^ Susperregi pointed out to me that the density perturbations obtained in Q and Q are consistent although they were derived 
from two different approaches. I appreciate the comments made by him. 

^Both the Pauli frame and the Einstein frame are used interchangeably in the literature. 

^The author thanks David Wands for pointing out these references. 
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where = SttG, a = (3k, and /3 is a constant. In this paper, I consider the simplest case, one simple scalar field as the 
matter source. The generalization to a more complicated multi-scalar-tensor gravity in Jordan frame was discussed in 
1^. For the cosmological models in the context of general scalar-tensor theory in Jordan frame, see ll- The matter 
Lagrangian is given by 


The energy-momentum tensor for this matter source is 
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where 
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and p = P = — V{'ip). With the assumption that the scalar field ^ (inflaton field) is 

spatially homogeneous, we can get the evolution equations of the Universe from the actions (||) and (||) based on the 
Robertson-Walker metric 
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where V'{ip) = dV{ip)/dip. 

By the slow-roll approximations 
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Eqs. (^)-(^ for a flat universe become 


ij2 « 


3//d« 2ae-"“‘"U(V’), 
3HiP « -e-“‘"U'(V'). 

The consistency conditions for the above approximations are 
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From Eqs. (|^)-(|^, we get 
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where g{4’) = f d'i/jV('i/j)/V'(ip) and rhpi < mpi is an arbitrary integration constant corresponding to the effective 
Planck mass at the beginning of inflation. Here I set the beginning of inflation to be t = 0. Remember that the 
variation of the dilaton field a is very small during the MD era and the late times of the RD epoch. Although the 
dilaton field may have large changes during RD era for some initial values , we still assume that at the end of 
inflation the dilaton field becomes cr(te) ~ ln( 167 r)/a. Note that 6 ““^ changes by a factor of {Tp/TeqY ~ 10“^^ only 
from the matter-radiation equality to the present. Therefore, from Eq. ( 8 a), we get 
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It is easy to get Ntot > 65. The conditions ( 0 ) tell us that inflation ends when 

The density fluctuation due to primordially adiabatic fluctuation is given by ^ 
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where / equals 4/9 if the fluctuations reenter the horizon during the RD era or 2/5 if the fluctuations reenter the 
horizon during the MD era, and tk is the time at the horizon crossing during the inflationary epoch. For convenience, 
we use the number of e-foldings, Nk, before the end of inflation, instead of tk- As usual, we take Nk « 55 — 60. In 
terms of Nk, we have 


exp[a(T(tfc)] « 167rexp(—24A^fe). 

In order to go further, we need to specify the form of the potential. 


II. NEW INFLATION-TYPE POTENTIAL 


In this section, we take the Coleman-Weinberg potential p3. 
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where R ft! 10 77 ft 2 x 10^° GeV. The above potential can be well approximated by 


yw ~ - 7^^ = 7) - ^7"^, 
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where Vq = Brf/2 and A = |4i3 ln('0^/77^)| is approximately a constant. From the potential (^), we know that 
inflation will end when 
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2m4y"(7/(4))|ft3F(7/(te)), 


if < ^Vb- 


The inflaton field at the end of inflation takes the value 
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In the last step, we use the result Vq <C 4Amp;. Because <C Vq, it is well justified to approximate F(V') « Vq 

during inflation. By using this approximation, we find the time evolutions of the scale factor, dilaton field, and infiaton 
field as 


exp[acr(t)] = 2k^ m%i{l + 2 j3^ Hyt), 
R{t) = R{0){l + 2/3^ 
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where Hy = •\/T^/2'\/3k dip; is the Hubble parameter at the beginning of inflation. The function g{'tp) is 

=j •^*vm ‘ - 

Substituting Eqs. (0) and (|l5|) back into Eq. (^), we find that 


^t = 


13^ V, 


0 


Ip (tk) = 


2X[{1 + (3^)m%i - fh^Pi] 
fi^Vo 




2\im?pi[l + - exp(-2/32 Nk)]' 


Therefore the density perturbation is 
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Note that our formula is different from that in 
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. Take Nk = 60, = 0.001 


nipi 

|, then we get 


^=47.6Va + 0.04#. 


P ^pi 

The second term in the right hand side is much less than 10“^. Therefore, if we require 5p/p < 10“®, we must have 

A < 4.4 X 10"^^. (18) 


Note that the minimum value of the coefficient before -v/A in Eq. (17b) is about 38.4 when P « 0.13. If /3^ > 0.04, the 
coefficient increases quickly and it requires smaller A to get the right density perturbation. In |]l^ , the author did not 
get t he co nstraint on A because they considered the fluctuation from the dilaton field only. However, it is clear form 
Eq. & that the fluctuation from the infiaton field is larger than that from the dilaton field. In fact, our result is 
easily understood. Note that the fluctuation due to the infiaton field is 
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Here we use ip{t) > ipi and ipi is given in Eq. ( |16a| ). To make our semiclassical discussions valid, we must require that 
the classical value of the infiaton field be larger than its quantum fluctuation. So we have 


A < 


127r^ P^mU 
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The smallness of the value of A cannot be saved. In [|^, Matacz derived a different formula for the scalar quantum 
fluctuation Sip based on stochastic approach and gave a constraint A ~ 10“^. Perhaps that is one way to avoid the 
fine-tuning problem. 


4 


























III. CHAOTIC TYPE POTENTIAL 

For chaotic inflation, the potential takes the power law type 

vw = ^r, 

n 

where n is an even integer. In this case, the function is 

= J “ i = ST- 

Because n > 2, the end of inflation will happen when 

|2TOpzV'{V'(te))| « 3V{-lp{te)), 




Combining Eqs. (Pa)), (|22|), and (P3b|), we find 
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where 


For n = 2, we have 


^(^fe) = ^ - exp(-2/32 Afc) 


^ = 1 


P mpi 

So the bounds on the anisotropy of the microwave background give 


For n = 4, we have 


A 2 < 4 X 10 ^^rrPpi. 


^ = 30.7v^. 


In order to get the small density perturbation, we require 

A 4 < 1 X 10"^^ 
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At last, let us look at the exponential potential = Vbexp(—■!/'/V'o) |@- In this case, both V' {-ijj) /V (ip) and 
V"(ip)/V(ip) are constants. Then the slow-roll condition cannot determine when the inflation will end under the 
assumption that exp(a(T) = IGtt at the end of inflation. Therefore, this kind of potential is not workable in our 
concern. In this model, we must consider the interaction between the inflaton field and other fields to let the Universe 
exit from the inflationary epoch. In Q, the authors considered the exponential potential in extended inflation. They 
used the consistency conditions (|^) to give the value of the BD field at the end of inflation. Since we know the 
evolution of the BD field during the RD and MD eras, it may be a problem to match the value of the BD field from 
the end of inflation to the present. We would like to say a few more words about the difference between our results 
and those in [^ . As a result of the assumption that the dilaton field takes the same value at the end of inflation and 
the present, we can fix the value of the inflaton field at bot h th e begi nnin g and the end of inflation. If we take the 
approximation exp(—2/3^A^fe) I —2/3^A^fe, then our results (17b) and (25b) are similar to those in Q. For the choices 
of /3^ and in this paper, we can take this approximation. That is why our numerical values do not differ much 
from those in 0 . Instead of thinking the physical frame to be the Jordan frame, we work in the Einstein frame. 
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